ABSTRACT: A main challenge in railway asset management is selecting the maintenance strategies to apply to each asset on the network in order to effectively manage the railway infrastructure given that some performance and safety targets have to be met under budget constraints. Due to economic, functional and operational dependencies between different assets and different sections of the network, optimal solutions at network level not always include the best strategies available for each asset group. This paper presents a modelling approach to support decisions on how to effectively maintain a railway infrastructure system. For each railway asset, asset state models combining degradation and maintenance are used to assess the impact of any maintenance strategy on the future asset performance. The asset state models inform a network-level optimisation model aimed at selecting the best combination of maintenance strategies to manage each section of a given railway network in order to minimise the impact of the assets conditions on service, given budget constraints and performance targets. The optimisation problem is formulated as an integer-programming model. By varying the model parameters, scenario analysis can be performed so that the infrastructure manager is provided with a range of solutions for different combination of budget available and performance targets.
INTRODUCTION
The railway system is the result of the interaction of a number of different systems and infrastructure with the ultimate aim of transporting people and goods safely and on time. It consists of a diverse portfolio of assets, each bounds to deliver a specific function but all together contributing to ultimately provide a reliable and safe service. Each railway asset is subject to degradation and failure processes, and maintenance is performed in order to control the state of the assets and ensure that each asset's function is performed to the required standard. Maintenance policies are developed as a combination of periodic inspection, routine and emergency maintenance, enhancement and renewal activities, and these are specific to each railway asset. As maintenance resources and budget are limited, decisions have to be made on how to optimally allocate the available resources among all the asset on the network. Infrastructure asset management is the process of allocating maintenance resources among the assets comprising the system with the aim of minimising the whole-life costs while maximising the system performance. Optimal asset management involves decision making and selection of the best intervention strategy for each asset along the network in order to ensure that the required level of service reliability and safety risk is achieved within budget. Determining the best set of strategies for a given network does not simply consist in choosing the strategy which is optimal for each asset. When a network perspective is adopted dependencies among different assets and different sections of the network arise, due for example to resource availability. This implies that intervention strategies that are optimal when an asset is considered individually, might not be optimal when decisions are made at a network level.
Modelling approaches to infrastructure asset management optimisation
Optimisation models have been presented in the literature to support infrastructure asset management from different perspectives and to address different aspects of the problem. Two main approaches to the optimisation of infrastructure asset management can be identified: asset-level and system-level optimisation. Assetlevel optimisation aims at determining optimal maintenance policies for an individual asset, while systemlevel optimisation seeks the optimal combination of maintenance policies for all the assets comprising the system. The focus of this paper is on system-level optimisation; in the following, the modelling approaches developed in the literature to determine the optimal set of maintenance policies for infrastructure systems composed of multiple assets are briefly discussed . The authors in (Yeo, Yoon, & Madanat 2012) address the problem of planning maintenance for a system of heterogeneous facilities undergoing stochastic deterioration over a finite time horizon. They develop a two-stage bottom-up approach according to which optimal maintenance policies are first determined for each facility. The deterioration of each facility is modelled as a Markov process. The state of the facilities is known at the beginning of every year when inspection is performed and maintenance activities are selected year by year. The authors apply a dynamic programming approach to find the optimal activity as well as the alternative near optimal activities and associated costs for each facility. Then, a system-level optimisation is developed to obtain the combination of activities, one for each facility, that minimise the system expected cost-to-go while the agency cost (cost of the maintenance activities) is kept within a given budget. All facilities in the system are considered to be independent and the system-level optimisation problem is formulated as a constrained combinatorial problem.
A similar approach has been used in (Furuya & Madanat 2013 ) with application to a hypothetical railway system, where facility-level and system-level optimisation are combined to obtain the best combination of activities for all facilities in a given network. The authors demonstrate their approach on a hypothetical dual redundant railway network. A number of facilities are associated to each link in the network, and a set of available maintenance activities is considered for each facility. As in (Yeo, Yoon, & Madanat 2012) , the degradation and maintenance of the railway assets is modelled as a Markov process, and the facility-level optimisation problem is formulated as a Markov decision process solved through dynamic programming. In the system-level optimisation problem, the budget constraint includes the cost reduction that can be achieved when adjacent facilities are maintained simultaneously. Constraints are also formulated on the minimum capacity to be guaranteed between an origin and a destination node and for each individual route. This enables to consider the loss of throughput due to maintaining adjacent facilities simultaneously. A numerical example is solved, which demonstrates how including both economic (opportunistic maintenance) and functional (capacity loss) dependencies arising between the assets when performing maintenance, has an impact on the optimal decision and associated lifecycle cost.
In (Robelin & Madanat 2008 ) the authors address the optimisation of maintenance policies for a system of bridge decks with the objective of determining the optimal set of policies based on the current system conditions as well as the prediction of future conditions. The deterioration model of an individual deck is Markovian, where each state is defined in terms of the current condition of the deck, the last maintenance action performed and the time since the last intervention. The condition of a deck is given by its instantaneous probability of failure. A two-steps approach is suggested. First, a facility-level optimisation is solved to obtain the optimal cost of maintenance and replacement for each facility. The facility-level optimisation problem is solved for a discrete range of failure probabilities. Then, at system level, the cost of the system given by the combination of the cost for each facility, is minimised subject to budget constraint, and the optimal threshold of failure probability is obtained. This threshold is used backward within the facilitylevel optimisation to obtain the set of policies for each deck which are optimal at system level. Some of the assumptions the optimisation model in (Robelin & Madanat 2008 ) is based on are too restrictive to be applied to the railway system. Many of the railway assets exhibit multiple failure modes, each with different probabilities and frequencies of occurrence. Different failure modes usually have different effects on system performance and must be therefore considered individually. Decisions on maintenance policies must account for the different failure modes so that different effects on service performance can be distinguished, and both safety and performance requirements can be addressed in a cost effective manner. Another simplifying assumption made in this paper is that at system level, the optimal threshold of probability of failure is the same for all the facilities. While this makes the optimisation problem easier to solve, it also produces a less realistic model. In real systems the location of the assets on the network may play an important role within the decision making process. The railway network includes lines and routes with different criticalities corresponding to different safety and service performance targets. It is often the case that in the trade-off between cost and performance, more expensive policies are likely to be implemented on assets located on lines with higher criticality, while lower performance is accepted on lower criticality lines.
The author in (Durango-Cohen 2007) presents a method to simultaneously address the conditions and costs forecasting problem and the optimisation of maintenance action for transportation infrastructure facilities. Facilities deterioration is represented as an autoregressive moving average with exogenous input model (ARMAX). Decision variables can be investment levels or maintenance rates and the optimisation problem is formulated as a dynamic program seeking the minimum expected discounted cost over the planning horizon. Decisions are made based on the information available at the beginning of the planning period. The use of the ARMAX model is based on the assumption that the effects of maintenance actions are linear and additive. This assumption however is too restrictive for many railway assets (e.g. track) as it completely disregards the complexity of the combined effects of different interventions on the future asset state and the consequent impact on costs.
The approach presented in the aforementioned papers is aimed at selecting the maintenance policies to be adopted year by year over a given time horizon. Inspection is not considered as part of the policies as it is assumed to be carried out at the beginning of every year. However, the frequency of inspection is an important aspect of every maintenance policy as it allows to reveal the conditions of an asset before failures occur or unacceptable degraded states are reached. Indeed it is the optimal combination of inspection frequency, threshold values for assets conditions triggering interventions and the time required to perform maintenance that make an effective maintenance strategy. Furthermore, most of the contributions use a Markov approach to model the degradation and maintenance processes of the assets. However, the Markov approach has a few limitations that prevent it from being an effective modelling tool for many of the railway assets. A significant limitation is the requirement of Markov models to restrict transitions between states on the model (generally representing degradation or repair) to occur at a constant rate. This means that the state residence times are exponentially distributed. The memoryless property of the Markov approach restricts the ability of the model to consider the maintenance history which is important in some of the railway asset components such as the track ballast. Furthermore, the size of a Markov model can experience a state-space explosion with the number of components considered, thus making difficult to model assets with many different components or formed linking several sections of track. One final significant limitation is its inability to represent a route or network perspective. If Markov models exist for two assets and it is required to account for their dependencies in constructing a route model, this can only be accomplished by the generation of a completely new model.
An alternative modelling technique that overcomes some of the limitations of the Markov approach in modelling railway asset degradation and maintenance is the Petri Net (PN) method. PNs are a formalism for modelling complex, dynamic systems characterised by concurrency and dependencies, synchronisation and resource sharing. PNs provide a valuable mathematical and graphical description of the system behaviour. PNs is a stochastic technique which allows far greater detail in comparison to the alternatives when modelling assets degradation and complex management strategies, whilst maintaining a manageable model size. PNs account for any distribution of degradation and failure times; thus increasing failure rate typical of components subject to wear-out can be considered. PNs also enable the modelling of complex maintenance processes including condition and risked based inspection and maintenance, replacement prior to failure based on either age, condition or use, reactive repair, refurbishment and renewal and all the rules for the implementation of such activities. The resulting PN models are usually smaller in size than the alternative Markov representation. An additional and very desirable feature of PN models is their modularity. Models of assets consisting of many interacting components can be built up in parts giving the model a modular structure which is easier to analyse. Monte Carlo simulation is the most common solution technique for PN models and produces distributions for the output variables of interest. The PN approach is suggested in this paper as a valid modelling technique to produce models that combine the degradation and maintenance processes involving the railway assets. Such models can be used as a tool to investigate the effectiveness of a variety of maintenance strategies for each railway asset, covering a range of performance and costs, so to provide the decision maker with a set of potential strategies among which the ones which are best from a system perspective can be selected.
THE METHODOLOGY
This paper presents a modelling approach to support decisions on how to effectively maintain a railway infrastructure system. First, for each railway asset, a modelling tool is required to assess the asset response to the implementation of a range of feasible maintenance strategies. Such modelling tools, called asset state models combine the degradation/failure processes affecting the asset with the intervention activities that can be performed in order to predict the future asset state. The asset state models developed for each asset inform a network-level optimisation model aimed at selecting the best combination of maintenance strategies to manage all the assets on a railway network under budget and performance constraints. The network-level optimisation model is formulated as an integer program with multiple constraints (Hillier & Lieberman 2009 ). The model is bounded to select one option for each individual asset located in the considered railway network. Constraints are formulated on the overall available budget and on the availability required of each railway line. Different lines in the network may have a different criticality depending on the effect that failures have on service. This is strictly linked to the frequency of the service running on each line. Different lines criticality are accounted for by imposing different thresholds to the availability of each line. This modelling approach has the advantage to enable the evaluation of a variety of different scenarios by changing the model parameters such as the available budget or the threshold levels set for the lines availability.
Network segmentation for strategic planning purposes
The UK railway network is segmented for policy decisions. The whole network is divided into 19 Strategic Routes, each divided into a number of Strategic Route Sections (SRSs). An SRS is a section of the railway network characterised by broadly homogeneous infrastructure type and traffic levels. Therefore strategy decisions are taken at SRS level. It is assumed that the same maintenance strategy will be applied within the same SRS. Asset state models are developed for each asset type existing on each SRS and are used to assess the impact of a range of maintenance strategies on the assets' performance.
Asset state models
The PN method is adopted as the modelling approach to develop the asset state models. PNs are a formalism for modelling complex distributed systems characterised by concurrency and dependency, synchronization and resource sharing. Petri nets provide a valuable mathematical and graphical description of the system behaviour. A PN is a directed, weighted bi-partite graph where nodes are places and transitions connected by arcs (Murata 1989) . A PN can be formally defined as follows.
Definition 1. A PN is a 5-tuple P N = (P, T, A, W, M 0 ) where: P = {p 1 , p 2 , ..., p m } is the non-empty set of places, T = {t 1 , t 2 , ..., t n } is the non-empty set of transitions,
is the set of arcs, W : A → {1, 2, ..} is the multiplicity function, M 0 : P → {0, 1, 2, ..} is the initial marking.
Places may represent physical resources, conditions or the state of a component. Tokens are held in places and the number of tokens in each place defines the marking of the Petri net which represents the state of the system at a given time. The flow of tokens through the network is determined by transitions and represents the evolution of the system state over time. Transitions represent events that make the status of the system change. Arcs only connect places with transitions (input arcs) and vice versa (output arcs). Inhibitor arcs are defined as well, which can be used to stop the firing of a transition under certain circumstances. Arcs are characterised by a multiplicity. The marking and the multiplicity of the arcs determine the enabling conditions for each transition. Transitions can be deterministic or stochastic. The former have an associated constant firing time, while the latter sample their firing time from stochastic distributions. Firing of transitions is ruled as follow:
• If the number of tokens contained in the input places is at least equal to the multiplicity of the associated input arcs, and the number of tokens in the places connected by inhibitor arcs is lower than the arcs multiplicity, then the transition is enabled.
• Once the transition is enabled, it will fire after a time interval which is fixed for deterministic transitions. For stochastic transitions the firing time is sampled from a probabilistic distribution.
• When the firing time is reached and the transition fires, a number of tokens is removed from the input places and added to the output places according to the arcs multiplicity.
For the purpose of maintenance, a number of discrete states are usually considered, corresponding to levels of degradation that trigger maintenance interventions with different levels of urgency. The degradation process can therefore be represented as a chain of places and transitions as shown in Figure 1 . Places Figure 1 : Degradation P deg,i indicate different states which are relevant from a maintenance perspective, namely each state (except for the new stateP new ) triggers maintenance with different level of urgency depending on the level of degradation. Transitions T deg,i represent the degradation from one state to the next (worse). These are stochastic transitions whose firing time is sampled from a stochastic distribution representing the distribution of times to degrade between two consecutive states. Asset conditions requiring a speed restriction or a line closure can be included as well, these being usually the last two levels of degradation. Inspection is performed periodically to reveal the current asset condition so that degraded states can be discovered and maintenance planned accordingly.In Figure  2 ) transitions T rev,i are timed deterministic and fire at a fixed frequency. Once a degraded condition is (Figure 3) . After maintenance, the asset is usually restored to a good condition (P good ) rather than to new, unless a renewal is carried out. If necessary, it is possible to account for the effectiveness of maintenance by adopting a probabilistic routing policy for transitions T rep,i so that the state after maintenance can be any of the degraded state with Figure 3 : Degradation, inspection and repair a given probability. It is also possible to keep track of the number of maintenance interventions performed. This is achieved by monitoring the marking of place P I which is marked every time an intervention is performed (and therefore any of transitions T rep,i fires). For some assets, the degradation might depend on the past maintenance history; an example is the ballast for which the rate of degradation increases with the number of tamping interventions performed. This can be accounted for if transitions T deg,i update their distributions of times to degrade according to number of interventions performed on the asset. This modelling approach enables the evaluation of a wide range of maintenance strategies, for each of which it is possible to specify the inspection frequency, the thresholds on the asset conditions that trigger maintenance, the mean time to schedule and perform any maintenance activity. Furthermore, by keeping track of the marking during the simulation, it is possible to evaluate the probability of being in any of the considered states as well as the number of interventions performed. The probability of having a speed restriction and a line closure is of particular interest to evaluate the impact of a given strategy on service and safety risk.
This modelling structure can be used as a modelling template to describe a variety of railway asset exhibiting degradation during their lifetime. The number and features of places and transitions representing the degradation processes and the maintenance activities can be easily fitted to characteristics of the specific asset to be modelled. Example of degradation and maintenance models adopting a similar structure have been proposed in the literature for a number of railway assets such as track (Andrews 2012 , Prescott & Andrews 2013 , Andrews, Prescott, & De Rozieres 2014 and bridges (Le & Andrews 2016 , Le, Andrews, & Fecarotti 2017 .
Network-level strategies optimisation
The analysis conducted by means of the asset state models results in a set of potential asset management strategies covering a range of performance levels for each asset group. Given a set of potential strategies for each asset group, the infrastructure manager is faced with the task of selecting one strategy for each asset on the network given that a limited budget is available. Performance and safety targets are usually set for each route and line along the network, and these targets can be different depending on the route criticality. Decisions are therefore bounded by the available budget and are made with the aim of minimising the disruption caused to the railway service, while a certain level of availability is ensured for each line depending on the line criticality. Whatever asset fails, the impact on trains service is due to either a speed restriction, leading to delays, or a section closure leading to journeys cancellation. The extent of the disruption depends on both the duration of such control actions and the location of the section(s) involved. If a speed restriction or a section closure is imposed on a section belonging to a high frequency line, or to more than one line, then the number of journey affected by the disruption will be high. With regard to the impact of failures on service, for each section in the network is therefore fair to define two failure modes, each with a different effect on service: (i) section subject to speed restriction, and (ii) section subject to closure.
Let us define a Strategic Route as a set of SRSs
each railway line consists of one or more SRSs. Therefore each railway line can be represented as a subset of set R, L l ⊆ R, ∀l = 1, ..., n L . A railway line L l will be unavailable if any of its SRS is unavailable. If a is the number of asset groups considered and b is the number of strategies available for each asset group, then the set of maintenance strategies for each SRS is given by all the possible combinations of the individual asset groups' strategies n S = a × b. The set S = {S 1 , S 2 , ..., S j , ..., S n S } is defined, containing n S potential strategies available for each SRS, each corresponding to a given combination of the individual asset strategies. From now on the term strategy will be used to indicate a strategy for the individual SRS, among the available ones in set S. The index j = 1, 2, ..., n S will be used to refer to a generic strategy within set S while the index i = 1, 2, ..., n R will be used to refer to a generic SRS within set R. The vector of decisional variables X has components x ij such that x ij = 1 if strategy j is applied to SRS i, 0 otherwise. The infrastructure manager is bounded to choose only one strategy per SRS. Following the implementation of a given strategy, each SRS will be subjected to a given probability, average number and duration of imposed speed restrictions and section closure during the considered planning period. Section closure contributes to define the availability of the SRS. In fact a section closure means that the section is not available for use and therefore all the journeys that use that section are cancelled or rerouted if possible. If a speed restriction is imposed, trains can still run but at a reduced speed; this implies delays and sometimes journey cancellations. Therefore we assume that the number and duration of imposed speed restrictions implicitly provide an indication of the impact on service delay. Similarly, we assume that the number and duration of imposed section closure implicitly provide indication of the deleted services due to section unavailability. The problem is formulated as follows:
where the model parameters are:
• n (LC) ij the average number of closures in SRS i following implementation of strategy j,
the average duration of closures in SRS i following implementation of strategy j,
• n (SR) ij the average number of speed restriction imposed on SRS i following implementation of strategy j,
the average duration of speed restriction imposed on SRS i following implementation of strategy j,
• q (LC) ij the probability of a closure in SRS i following implementation of strategy j,
the threshold on the unavailability of line L l ,
• c ij the cost of strategy j implemented on SRS i,
• f i the frequency of trains travelling on SRS i,
• B the available budget.
The objective function Z(X) is representative of the impact that the selected combination of strategies has on service delay, which allows to compare different solutions. It represent the expected number of trains affected by a service disruption during the considered time horizon. Each term n
gives an indication of the contribution of each SRS to the overall service disruption. This contribution is proportional to the average number of speed restrictions imposed on the SRS and its average duration, and on the frequency of trains travelling through the SRS. The train frequency is used to weight each SRS proportionally to the normalised amount of flow travelling on the SRS. The frequency also implicitly weight each SRS based on the its centrality, namely its role in serving more than one line. The set of constraints 2 indicates that only one strategy can be selected for each link. Constraint 3 adds a bound on the overall costs according to the available budget. The set of constraints 4 put a threshold on the minimum value of unavailability of each line. A line is unavailable if any of its SRSs is closed. Therefore, the probability of line L l being closed Q L l (x ij ) can be written as
The optimal solution X * is given by the feasible combination of strategies that will provide the minimum impact on service as represented by the objective function Z * (X). The objective function in 1 Z(X) is linear in X, as constraints (1) and (2), while constraints (3) are non-linear. Problem 1 is therefore a non-linear integer otpimisation problem.
Solution method
There are no general-purpose solution methods yielding the global optimum for non-linear (non-convex) constrained optimisation problems and approximate solution algorithms are usually used. However, it possible to solve a linear approximation of the original problem if the non-linear functions (objective function and/or constraints) can be converted to an acceptable linear form.
Problem 1 is transformed into a linear integer programming model by replacing the left hand side of constraint 4 with its rare event approximation (Andrews & Moss 2002) as follows:
The rare event approximation is an upper bound to the top event exact probability and can be used when the probability of the basic events is low. This an acceptable approximation for the problem at hand as the probability of a link closure is usually small.
Integer programming is NP-hard, namely it can be solved in non-polynomial time. Therefore, depending on the problem size it can be difficult to solve in reasonable computational time. In such circumstances, the associated relaxed problem obtained through Continuous relaxation can be studied. The relaxed problem is a linear continuous programming model which can be solved by means of the simplex method. The optimal solution of the relaxed problem is a lower bound of the global optimum of the original problem.
NUMERICAL EXAMPLE
The optimisation approach presented in this paper has been applied to select the best combination of maintenance strategies for a set of SRSs comprising one of the UK Strategic Routes, the East Midlands (EM) Route. Details of the EM route and it SRSs can be found in (NetworkRail 2015) . A schematic representation of part of the EM route showing seven of its eleven SRSs is given in Figure 4 . The set of SRSs considered in this example are listed in Table 1 along with the train frequency. Railway services running along the EM Route which have been considered here are listed in Table 2 along with the service type (Long distance high speed -LDHS, interurban and local), while Table 3 lists the SRSs included within each service.
For each railway service, different availability requirements are considered depending on the type of service. Three potential maintenance strategies are considered, S = {S 1 , S 2 , S 3 }. The evaluation of the maintenance strategies through the PN asset models yields the input parameters to the optimisation model. The values of the model parameters used to run this numerical example are detailed in Table 4 where c i , q i and n
SR i
indicate the cost, unavailability and number of speed restriction due to the implementation of the available strategies. The optimisation model has been solved for eight different values of the available budget B 1 = 350, B 2 = 400, B 3 = 450, B 4 = 500, B 5 = 550, B 6 = 600, B 7 = 650, B 8 = 700, while the thresholds on the unavailability of each railway service remain unchanged and equal to Q * L 1
= 0.9. The results of the scenario analysis are summarised in Table 5 and Figure 5 . Table 5 details the optimal maintenance strategies for each SRS, while Figure 5 shows the corresponding value of the objective function which is indicative of the expected number of trains affected by a speed restriction. -------2  -------3  -------4  -------5 S 3 S 3 S 3 S 3 S 1 S 1 S 2 6 S 3 S 3 S 3 S 3 S 1 S 3 S 3 7 S 3 S 3 S 3 S 3 S 3 S 3 S 3 8 S 3 S 3 S 3 S 3 S 3 S 3 S 3
Results show that no feasible solution can be found for budgets B 1 to B 4 as the strategies that would be achievable within the available budget do not ensure the required level of availability for each railway service. If the budget is increased solutions can be found. Budget B 5 is enough to find a feasible solution but does not allow the selection of the best strategy available for each SRSs. The algorithm selects less expensive strategies for SRSs 05, 06 and 07 as they belong to those railway services for which a less restrictive value of availability is required. Furthermore, the train frequency on those sections is lower than in the others. By further increasing the available budget, better strategies can be chosen and the impact on service decreases.
CONCLUSIONS
This paper presents a modelling approach to support decisions on how to effectively maintain a railway infrastructure system. First, for each railway asset, a modelling tool is required to assess the asset response to the implementation of a range of feasible maintenance strategies. Such modelling tools, called asset state models combine the degradation/failure processes affecting the asset with the intervention activities that can be performed in order to predict the future asset state. The modelling approach suggested to develop the asset state models is the PN method. A modelling template based on the PN method have been presented, which can be specified to represent a variety of railway assets undergoing degradation and ageing. The asset state models developed for each asset inform a network-level optimisation model aimed at selecting the best combination of maintenance strategies to manage all the assets on a railway network under budget and performance constraints. The network-level optimisation model is formulated as an integer program with multiple constraints. A numerical example has been presented to show the capabilities of the optimisation model. An advantage of mathematical programming formulation is that the model is not a black box. Furthermore, when the problem size is such that global solutions cannot be found in reasonable computational time, the mathematical programming formulation allows the use of tools to estimate the goodness of approximate solutions. By varying the model parameters, scenario analysis can be performed so that the infrastructure manager is provided with a range of solutions for different combination of budget available and performance targets.
